BLOW-UPS AND RESOLUTIONS OF STRONG KAHLER WITH 

TORSION METRICS 
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, Abstract. On a compact complex manifold we study the behaviour of strong 

^ ■ Kahler with torsion (strong KT) structures under small deformations of the 

1^ ' complex structure and the problem of extension of a strong KT metric. In 

P^ ' this context we obtain the analogous result of Miyaoka extension theorem. 

Studying the blow-up of a strong KT manifold at a point or along a complex 
submanifold, we prove that a complex orbifold endowed with a strong KT 
metric admits a strong KT resolution. In this way we obtain new examples of 
rh^ ' compact simply-connected strong KT manifolds. 
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1. Introduction 



Let (M, J, g) be a Hermitian manifold of complex dimension n. By ^19] there 
is a l-parameter family of canonical Hermitian connections on M which can be 
distinguished by properties of their torsion tensor T. In particular, there exists a 
^ . unique connection V^ satisfying V^g — 0, V^ J = for which g{X, T{Y, Z)) is to- 

[*■-. ' tally skew-symmetric. The resulting 3-form can then be identified with JdF, where 

0^ ■ F{-, ■) — g{J-, •) is the fundamental 2-form associated to the Hermitian structure 

r_j ' (J, g). This connection was used by Bismut in [7] to prove a local index formula for 

the Dolbeault operator when the manifold is non-Kahler. The properties of such 
^^ ' a connection are related to what is called ^^Kdhler with torsion geometrif and if 

^^ , JdF is closed, or equivalently if F is 99-closed, then the Hermitian structure (J, g) 

is strong KT and g is called a strong KT or a pluriclosed metric. The strong KT 
metrics have also applications in type II string theory and in 2-dimensional super- 
symmetric (T-models [171 I37j and have relations with generalized Kahler structures 
(see for instance [IfflEllSlIIl])- 
^ ' The condition ddF = is obviously satisfied if dF — 0, i.e. if g is a Kahler 

metric. The interesting strong KT metrics for us are those ones which are not 
Kahler and therefore it is natural to investigate which properties that hold for 
Kahler manifolds can be generalized in the context of strong KT geometry. 
In view of this, in the present paper, we study in particular the behaviour of strong 
KT structures under small deformations of the complex structure, the blow-up of 
a strong KT manifold at a point or along a complex submanifold and the problem 
of extension of a strong KT metric on a complex manifold. 

The theory about strong KT manifolds in complex dimension at least three is 
completely different from that one on complex surfaces. Indeed, on a complex 
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surface a Hermitian metric satisfying the strong KT condition is ^^standard" in the 
terminology of Gauduchon [18] and there exists a standard metric in the conformal 
class of any given Hermitian metric on a compact manifold. Therefore on a complex 
surface the strong KT condition is stable under small deformations of the complex 
structure. 

Examples of compact strong KT manifolds of complex dimension three are given 
by nilmanifolds, i.e. compact quotients of nilpotent Lie groups by uniform discrete 
subgroups (see [IS]). It is well known that these manifolds are not formal in the 
sense of [33] and cannot admit any Kahlcr metric unless they are tori (see [Sl ITUll^ ). 
More precisely, in ^15J it was showed that if a nilmanifold of real dimension 6 admits 
a strong KT structure then the nilpotent Lie group has to be 2-step and therefore 
the nilmanifold has to be the total space of a torus bundle over a torus. 
One of the examples found in T5j is the Iwasawa manifold, which can also be 
viewed as the total space of a T^-bundle over the torus T*. In contrast with the 
Kodaira-Spencer stability theorem [28' and the case of complex surfaces, in Section 
[2] we prove that on this manifold the condition strong KT is not stable under small 
deformations of the complex structure. 

As in the Kahler case, in Section [3] we prove that the blow-up of a strong KT 
manifold at a point is still strong KT and more in general 

Proposition 3.2 Let M be a complex manifold endowed with a strong KT metric 
g. Let Y C M be a compact complex submanifold. Then the blow-up My of M 
along Y has a strong KT metric. 

This result allows, starting from a strong KT manifold, to construct a new one. 

The Kahler condition for a Hermitian metric can be characterized in terms of 
positive currents. Indeed, Harvey and Lawson in [21| proved that a compact com- 
plex manifold admits a Kahler metric if and only if there is no non-zero positive 
(1, l)-current which is the (1, l)-component of a boundary. By [11] also the strong 
KT condition can be studied in terms of positive currents. A result of Miyaoka 
[32] asserts that, if a (compact) complex manifold M has a Kahler metric in the 
complement of a point, then M is itself Kahler. By using the extension result of 
[1] about positive or negative plurisubharmonic currents, in Section |4] we prove the 
analogous result of the Miyaoka's one for strong KT manifolds of complex dimen- 
sion n with n > 2. As an application by using the previous extension theorem we 
show the following 

Theorem 4.3 Let M be a complex manifold of of complex dimension n > 2. 

If AL \ {p} admits a strong KT metric, then there exists a strong KT metric on M. 

There are few examples of compact simply-connected strong KT manifolds; as far 
as we know, they are given by real compact semisimple Lie groups of even dimension 
[36j . Therefore it is interesting to investigate for new compact simply-connected 
strong KT manifolds. A natural way to obtain these is to consider resolutions of 
orbifolds and the typical example of orbifold is given by the quotient of a manifold 
by an action of a finite group with non-identity fixed point sets of codimension 
at least two (see [34]). In Section [5] we study resolutions of strong KT orbifolds. 
By using the result by Hironaka |23j that a complex orbifold admits a resolution, 
which is a obtained by a finite sequence of blow-ups and the results obtained about 
blow-ups, we prove the following 
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Theorem 5.4 Let (Af, J) be a complex orbifold of complex dimension n endowed 
with a J-Hermitian strong KT metric g. Then there exists a strong KT resolution. 

In the last two sections we apply this result to complex orbifolds constructed con- 
sidering an action of a finite group on a torus, on a product of a Kodaira-Thurston 
surface with the 4-dimensional torus T and on a product of two Kodaira-Thurston 
surfaces. The strong KT resolutions that we get have a simpler topology with 
respect to the one of the three 8-dimensional nilmanifolds. Indeed, in the case 
of the torus we are able to construct a new compact simply-connected strong KT 
manifold and in the other two cases the strong KT resolutions have first Betti num- 
ber equal to one. Resolutions for quotients of tori have been already considered 
by Joyce in order to obtain simply-connected compact manifolds with exceptional 
holonomy G2 and Spin{7) in [26]. Moreover, in [13j and [^ orbifolds constructed 
starting with nilmanifolds have been recently used in order to get simply-connected 
compact non- formal symplectic manifolds. 

Acknowledgements We would like to thank Alberto Delia Vedova, Simon Salamon 
and Stefano Trapani for useful comments and stimulating conversations. We also 
would like to thank the referee for valuable remarks. 

2. Small deformations of strong KT metrics 

We will recall some basic definitions and fix some notation. Let (M, J) be a 
complex manifold of complex dimension n and decompose as usual d = d + d. Let 
(7 be a Hcrmitian metric on (M, J). The fundamental 2-form F is then defined by 

F{X,Y)^g{JX,Y) 

and has type (1,1) relative to the complex structure J. 

Definition 2.1. The Hcrmitian metric g on {M,g) is said to be strong Kahler 
with torsion, or shortly, strong KT, if 

(1) ddF = 0. 

Clearly, condition ([1]) is weaker than the Kahler one and the previous definition 
includes for us the Kahler metrics. 

In this section we will explore the stability of strong KT metrics under infinitesimal 
deformations of the complex structures. 

By a well known result by Kodaira-Spencer [5S] the Kahler condition for a Hcrmit- 
ian metric is stable under small deformations of the complex structure underlying 
the Kahler structure. We will show that this does not hold for strong KT struc- 
tures in real dimension higher than or equal to six. In real dimension 4 a strong 
KT metric is standard in the terminology of [18] and therefore the result holds. 

Indeed, we recall that a Hermitian structure (J, g) on a manifold M of real 
dimension 2n is called standard in the terminology of [18| if 

a9F"-i = 0, 

or equivalently if the Lee form 9^— J*d*F is co-closed, where 

F"-^ = F A A F . 
(n-i)-times 
In particular, ii 9 = the Hermitian structure is said to be balanced. 
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By [18j for a compact complex manifold a standard metric can be found in the 
conformal class of any given Hermitian metric. Since on a complex surface a strong 
KT metric is standard, a small deformation of the complex structure on a complex 
surface preserves the strong KT condition. In higher dimensions the strong KT 
condition is not anymore equivalent to the standard one, in fact by [2] a strong KT 
metric is standard only if 

|dFp = (n-l)|6lAF|2, 

where 9 is the Lee form of the Hermitian structure (J, g) and by | • | we denote 
the norm of the form. Therefore, if n > 2 a strong KT metric is not necessarily 
standard. An example of compact strong KT manifold of complex dimension three 
is given by the Iwasawa manifold 1(3), which is the compact quotient of the complex 
Heisenberg group 




H^ = ^\ 1 Z2 I Zj GC,j = l,2,3 

Ivo 1 y 

by the uniform discrete subgroup T for which Zj are Gaussian integers. By |15[ 
Theorem 1.2] for this manifold and more in general for any nilmanifold of complex 
dimension three the strong KT condition depends only on the underlying complex 
structure. This allows us in contrast with the case n = 2 to prove the following 

Theorem 2.2. On the Iwasawa manifold 1(3) — ^\H^ the condition for a Hermit- 
ian metric to be strong KT is not stable under small deformations of the complex 
structure underlying the strong KT structure. 

In order to prove the theorem we will construct an explicit deformation of a 
complex structure underlying a strong KT structure that does not remain strong 
KT. 

Let xit.s be the family of 2-step nilpotent Lie algebras with structure equations 

de* = 0, I = 1, ... ,4, 

t{e^ A e^ + 2 e^ A e") + s{e^ A e^ - e^ A e"*), 

s{e^ Ae^ + e^ Ae^), 

with t and s real numbers and s ^ 0. This family was already considered in [14] 
for Hermitian structures whose Bismut connection has holonomy in SU{3) and it 
was proved that for any t and s ^ the Lie algebra rit^s is isomorphic to the Lie 
algebra of the complex Heisenberg group H^ with structure equations 

de' = 0, i = l,...,4, 

de^ = e^ A e^ - e^ A e"', 

de^ = e^ A e-* + e^ A e^, 

(compare also [30! Example 6.1 and 6.5]). 

Take the almost complex structure J on rit^^ given by 

(2) Je^ = e^, Je^ = e^ Je^ = Je^ 

For the associated (l,0)-forms 

Lp^=e^+ie'^, (/3^ = e^ + ie^, (p^ = e^ + ie^, 
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we have that 

dip' = 0, i = 1, 2 , 

dif^ = ~\it{if>'^ Alp^ + 2(^2 ^^2>) ^s^i /y^2^ 

and therefore J is integrable. 

In this way the Iwasawa manifold 1(3) — T\H^ is endowed with a family of 
complex structures Jt^s, with t, s G M and s ^ 0. 

Note that for i = and s = 1 the complex structure J coincides with the bi- 
invariant complex structure Jq on the complex Heisenberg group. The complex 
structure Jq cannot admit any compatible strong KT metric, since otherwise it has 
to be balanced and by |15| the balanced condition is complementary to the strong 
KT one. 

We will show that the Iwasawa manifold (1(3), Jt.s) admits a strong KT metric 
compatible with Jt^s if and only if t^ = s^. Indeed, by [121 Lemma 1.3], if g is a 
left-invariant Ricmannian metric compatible with Jt^s, 9 is strong KT if and only 
if 

dd{Lp^ ^Tp^) = 0= {t^ ~ s^)lp^ ^ ip^ Mp^ Mp^ . 

By [39l Proposition 3.1] and [M] if there exists a non- left-invariant strong KT metric 
compatible with Jjs, then there is also a left-invariant one. Therefore this is only 
possible if t^ = s^ . 

Thus if t = s = 1 the Iwasawa manifold has a strong KT metric g compatible 
with Ji,i, but for any t ^ s ^ 1 there exists no a strong KT metric compatible with 
the complex structure Jt^s- 

In a similar way one can show that generically on a nilmanifold of complex 
dimension three the condition strong KT is not stable under small deformations 
of the underlying complex structure, but one can also construct a family of strong 
KT structures. For instance consider the family of Lie algebras nt.s with structure 
equations 

..,5, 

ts (e^ A e'' - e^ A e^) -t- s^ e^ A e^. 

For any real numbers i, s such that t^ + s^ 7^ the Lie algebra nt,s is isomorphic 
to the Lie algebra of H^ x M'^ , where iJs is the real 3-dimensional Heisenberg Lie 
group. Moreover, for any t, s the complex structure J defined by ^ gives rise to a 
strong KT structure. 

3. Blow-up of strong KT manifolds 

We start by proving that the blow-up of a strong KT manifold at a point is still 
strong KT, as in the Kahler case (see for example 6 ). 

Proposition 3.1. Let (M, J^g) be a strong KT manifold of complex dimension n 
and Mp be the blow-up of M at a point p € M . Then Mp admits a strong KT 
structure. 

Proof. Let z = (zi, . . . , z„) be holomorphic coordinates in an open set U centered 
around the point p € M. We recall that the blow-up Mp of M is the complex 
manifold obtained by adjoining to M \ {p} the manifold 

U = {{z,l) e U X cr'-^ \ z e 1} 
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by using the isomorphism 

U\{z^O} = U\{p} 

given by the projection (z, /) —> z. In this way there is a natural projection n : 
Mp — + M extending the identity on M \ {p} and the exceptional divisor tt^^{p) of 
the blow-up is naturally isomorphic to the complex projective space CP"""'^. 

If we denote by F the fundamental 2-form associated with the strong KT metric 
g, then the 2-form tt*F is 99-closed since tt is holomorphic, but it is not positive 
definite on tt^^{M \ {p}). As in the Kahler case, let ft. be a C°°-function having 
support in U, i.e. < ft < 1 and ft = 1 in a neighborhood oi p. On U x (C" \ {0}) 
consider the 2-form 

j^idd{ipih)p;iog\\-\f) , 

where pi and p2 denote the two projections of U x (C" \ {0}) on U, C" \ {0} 

respectively. 

Let tp be the restriction of 7 to Mp. Then there exists a small enough real number 

e such that the 2-form F = eip + tt*F is positive definite. Since F is 99-closed, it 

defines a strong KT metric on the blow-up Mp. D 

As a consequence of Proposition 13.11 it is possible to construct new examples of 
strong KT manifolds by blowing-up a given strong KT manifold M at one or more 
points. Moreover, the homology groups of the two manifolds AI and Mp are related 

by 

if,{Mp)=iJ,(M)©H,(CP"-i), i>l. 
Note that in view of Proposition 14.71 the blow-up of the strong KT nilmanifolds 
given in [15] cannot admit any Kahler structure. 

Proposition 13 . 1 1 can be generalized to the blow-up of a strong KT manifold along a 
compact complex submanifold. Indeed 

Proposition 3.2. Let M be a complex manifold endowed with a strong KT metric 
g. Let Y C M be a compact complex submanifold. Then the blow-up My of M 
along Y has a strong KT metric. 

Proof. Let tt : My ^ M he the holomorphic projection. By construction tt : 
Af \7r-i(r) -^ M\Y is a biholomorphism and 7r-i(r) ^ P(7VVim), where P(AAy|M) 
is the projectified of the normal bundle of Y. Let F be the fundamental 2-form 
of the strong KT metric on M. There exists a holomorphic line bundle L on My 
such that L is trivial on My \ tt^^{Y) and such that its restriction to tt^^{Y) is 
isomorphic to Op(A/'y|„)(l). 

Let ft be a Hermitian structure on Op^j^/^ -^(1) and uj be the corresponding Chern 
form. Let {f/i}jgj be an open covering of M which trivializes the line bundle L. By 
using a partition of unity subordinate to {Ui}^^j, it follows that the metric ft can 
be extended to a metric structure ft on L, in such a way that ft is the flat metric 
structure on the complement of a compact neighborhood W oi Y induced by the 
trivialization of L on My \ tt~^{Y) . Therefore, the Chern curvature uj oi L vanishes 

on M \ W and t2'|p(AAy|j„j) = ^• 

Hence, since Y is compact, there exists e G R, e > 0, small enough, such that 

F ^7r*F + eLJ 

is positive definite. Moreover, dd F = 0, so that F gives rise to a strong KT metric 
on My. D 
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By [8] the cohomology groups of the two manifolds M and My are related by 

H*{My) = n*H*{M) © H*{P{JVYiM))/Tr*H*{Y) 
and therefore for the corresponding Poincare polynomials we have 

(n-k-l \ 
E *'' ' 

where k = dime Y. In particular, for the first Betti number we get 

6i(My) = 6i(Af). 

4. Extension of strong KT metrics 

We start by fixing some notation and recalling some known facts on positive 
currents. For our purposes it is enough to consider an open set fi C C". 
Denote by AP''(ri) (respectively by VP''^{0,)) the space of {p, q)-ioTms (respectively 
(p, g)-forms with compact support) on fi. On X'P'*(ri) consider the C°°-topology. 
By definition, the space of currents of bi-dimension {p, q) or of bi-degree (n—p, n~q) 
is the topological dual V JO) of T>'P''^{Vl). A current of bi-dimension {p,q) on Q. 
can be identified with a {n — p,n — g)-form on O with coefficients distributions. The 
support of a current T e Pp^(ri), denoted by supp(r), is the smallest closed set C 
such that the restriction of T to T>P'^{il \ C) is zero. A current T € V (fi) is said 
to be of order if its coefficients are measures and is said to be normal if T and dT 
are currents of order 0. 

A current T of bi-dimension {p,p) is said to be real if T{ip) — T{Tp)^ for any if G 
I?P^'(f7). Therefore, if T e V {Q) is real, then we may write 






T = (Tn-p E Tj-jdzi A dtzj , 



where cr„_p — \(„-p) , Tj— are distributions on fl such that Tjj ~ Tjj and /, J are 
multi-indices of length n—p, I = (ii, . . . , in^p), dzj — dzi^ A ■ • ■ A dzi^_^. 
A real current T £ "D^ ^(17) is positive if, 

r(crp (^1 A • • • A ^P A ^^ A • ■ • A (^P) > 

2 

for any choice of (,c^, . . . , (/s^ G I?^'°(rj), where o-p = ^. A current T is said to be 
strictly positive \i Lp'^ ^ ■ ■ ■ ^^pP ^ Q implies T{(jp ip'^ A ■ ■ ■ AipP ATp^ A ■ ■ ■ A TpP) > 0. 
Recall that if T is a positive current of bi-degree {p,p), then T is of order 0. 
A real current T of bi-dimension {p,p) on fl is said to be negative if the current — T 
is positive and plurisubharmonic if i ddT is positive. 

If F is the fundamental 2-form of a Hermitian structure on a complex manifold 
M, then F corresponds to a real strictly positive current of bi-degree (1,1). In 
particular, if the Hermitian structure is strong KT, then the corresponding current 
is 99-closed. 

An important class of 99-closed currents is given by the (p, p)-components of 
a boundary. We recall that a current T of bi-degree (p,p) is called the {p,p)- 
component of a boundary if there exists a real current S of bi-degree (p,p — 1) such 
that T — dS + dS. In [2T] Harvey and Lawson proved that a compact complex 
manifold has a Kahler metric if and only if there is no non-zero positive current of 
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bi-degree (1, 1) which is the (1, l)-coniponent of a boundary. By [11] this charac- 
terization of the Kahler condition can be generahzed in the context of strong KT 
geometry showing that a compact complex manifold admits a strong KT metric if 
and only if there is no non-zero positive current of bi-degree (1, 1) which is 99-exact. 
In [32] Miyaoka showed that if a complex manifold M has a Kahler metric in 
the complement of a point, then the manifold M itself is Kahler. 
In order to prove a similar result for strong KT structures we need to recall the 
following extension theorem (see [TJ Main Theorem 5.6]) 

Theorem 4.1. Let Y be an analytic subset ofQ C C". IfT is a plurisubharmonic, 
negative current of hi-dimension {p,p) on the complement fl\Y of Y m f2 and 
dime Y < p, then there exists the simple (or trivial) extension T'^ of T across Y 
and r° is plurisubharmonic. 

If T = cr„_p ^j — Tj-jdzj A dzj , on f2 \ Y , with Tj-j measures, then the current T'^ 
on n is defined by extending the Tj-j to zero on Y. 

Finally, we recall (see e.g. J2j Corollary 2.11 p. 163]) the following corollary of the 
Theorem of support [12j Theorem 2.10 p. 163] 

Theorem 4.2. Let T be normal current of bi-dimension {p,p) on f2 C C". // 
supp(r) is contained in an analytic subset Y of fl such that dime Y < p, then 
T = 0. 

By using the previous results we are ready to prove the following 

Theorem 4.3. Let M be a complex manifold of of complex dimension n > 2. 

If M \ {p} admits a strong KT metric, then there exists a strong KT metric on M. 



The proof of the Theorem 14.31 is a consequence of the following 

Proposition 4.4. Let F be the fundamental 2-form of a strong KT metric on 
B"(r) \ {0}, n > 2. Then there exist < R < r and F e Ai^i(B"(i?)) such that 

i) F is the fundamental 2-form of a strong KT metric on B"(_R), 

ii) F = F onB"(i?)\B"(|i?). 

Proof. A key tool in the proof of the Proposition is the following result by [U 
Theorem 1.15] on 99-closed currents, which is based on an argument given by Siu 
( [35l p. 121]), for d-closed /-currents with measure coefficients. 

Theorem 4.5. Let T be a current of bi-degree {h,k) on Q. IfT is of order and 
i ddT — 0, then, locally, 

T^dG + dH, 
for suitable currents G and H with locally integrable functions as coefficients. 

For the sake of completeness, we will give the proof of the Theorem 4.5 (see [U 
Theorem 1.15] and [351 P-121]). 
Proof of Theorem \4.5\ Consider 

Then, according to the Theorem of Hodge for elliptic complexes, (see e.g. [40] 
p.235]), the differential operator 

a^{d + d){d + dy{d + d)id + d)* + {idd)*{idd) 
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is elliptic. In view of [251 Theorem 7.1.20], there exists a fundamental solution E 
of the differential operator D given by 

E = En-Q{z)\og\z\, 

where Eq is a matrix of homogeneous distributions of degree 4 — 2n, smooth in 
C" \ {0}, Q is a matrix of polynomials which vanishes identically for 2n > 4 and it 
is constant for 2n — 4. 
Set 

L = {d + d)*{d + d){d + d)* 
and let A be a C°°-function, with compact support contained in f2 and such that 
A(z) = 1 on a ball U' C n, e U' . Then, we have 

AT = U{E*\T) 

= {d + '8){L{E * XT)) + d* d* E * dd{\T) 

= {d + d){L{E * XT)) + d*d*E * {ddX AT ~dX AdT + dX AdT + XddT) 

= (d + d) {L{E * AT)) + d*d*E * {ddX AT -dX AdT + dX AdT) . 

By a direct computation, it turns out that the current d d*E has locally integrable 
functions as coefficients. Hence, the coefficients of the current 

d*d*E * {ddX AT-dXAdT + dXAdT) 

are locally integrable functions, since they are obtained as convolutions of locally 
integrable functions with measures. 

Since A = 1 on U' , ddXAT-dXAdT+dXAdT vanishes identically on U' . Therefore, 
by [251 Theorem 4.2.5], it follows that 

sing supp (d*d*E * {ddX AT-dXAdT + dXA dT)) cn\U' 

where sing supp denotes the singular support of a current, i.e. the complement in 
fi of the open set A such that the restriction of the current to A is smooth. Hence, 

d*d*E * {ddX AT-dXAdT + dXAdT) 

is C°° on U' . Furthermore, it is 9i9-closed. Consequently, there exist a (/i — I, fc)- 
form (j) and a, {h,k — l)-form '0 on [/', such that 

d*d*E * {ddX AT-dXAdT + dXAdT)^d(l) + dtlj. 
Therefore, on [/', we can write 

T = dG + dH 
where 
(3) G = L{E*XT) + (j), H = L{E*XT) + ^. 

D 

Now, let us start with the proof of the Proposition. 

By hypothesis, F is a positive 9(9-closed (1, l)-form on B"(r) \ {0}. Let T — —F; 
thenT is a real (strictly) negative 99-closed current of bi-degree (1, 1) onB"(r)\{0}. 
In view of the result in [H Main Theorem 5.6] (see Theorem 14. II above), applied to 
the case Y = {0}, the simple extension T" of T on the ball B"(r), defined by 

T°{lp):^ f FAip, V(^eP"-i'"-i(B"(r)), 

iB"(r)\{0} 
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is negative on B" (r) . 

Consider now the current i dcfT^ . We have that i ddT^ is positive and consequently 
it is of order 0. Moreover, d (i ddT*^) = 0. Therefore, i ddT^ is a normal current of 
bi-degree (2, 2) on the ball B"(r). Hence, by the Corollary of the support Theorem 
(see Theorem 14.21 above) we obtain that 

i ddT° = 

onB"(r). 

Therefore, T° is a negative 95-closed current of bi-degree (1,1) on the ball B"(r). 

Moreover, the coefficients of T° are measures. Observe that T^ is smooth on B"(r)\ 

{0}. 

Set F^ = — r°. Then F'^ is clearly a real positive c?9-closed current of bi-degree 

(1, 1) on B"(r) and it is strictly positive on B"(r) \ {0}. 

In view of [H Theorem 1.15] (see Theorem 14.51 above*) and reality of F°, we may 

write 

F^ = dG + dG, onB"(i?) 
for some < R < r, where G is a current of bi-degree (0, 1) whose coefficients are 
locally integrable functions on B"(i?). 
As a consequence of (O, G is in fact smooth on B"(i?) \ {0}. Indeed, 

G = L{E * XFo) + (j) 

and the fundamental solution ii^ of D and the current Fq are smooth on B" (R) \ {0}. 
Again by [25l Theorem 4.2.5], it follows that 

sing supp(i? * XFq) C sing supp E + sing supp XFq . 

Therefore, G is smooth on B"(i?) \ {0}. 

Now we are going to define a strong KT metric with fundamental 2-form F on 

B"(i?) as in the statement. 

Set 

n 

where Ui are locally integrable on B"(i?) and smooth on B"(i?) \ {0}. 
Let p : C" — > R be a non-negative C°°-function on C" such that 
a) p is radial and supp {p{z)) C B"'(|i?) 



b) p{z) = 1, VzeB«(ii?) 

c) /c" Piz)dz = 1 
Define 



Ujeiz)^ Uj {z ~ ep{z)C) piC) dC , j 



By using the conditions a), b) and c) it can be checked that, for any j — 1, . . . ,n, 
Uj^{z) is a C°°-function on B"(_R) such that 



Ujeiz) = Uj{z) on B"(i?) \B" f- 



R 



Now, if we set 



Ge = ^ Uj e dZj , 
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then 

is a real dd-c\oseA (1, l)-form on W\R) such that F^ ^ F on W'{R) \ B"(|i?). 
Note that, for e small enough, F^ is strictly positive on B"(i?) \ {0} and positive 
on B"(i?). Therefore, in order to get the strict positivity on the whole ball B"'(i?) 
we need to perturb Fg. To such a purpose, let /i : C" ^ R be a non- negative 
C°°-function on C" such that 

i) supp(/i(z)) cB"(ii?) 



ii) h{z)^ 1, VzeB"(ii?). 
Then define 



F, = d (g, + '-cd{h{z)\z\^)\ + 9 ("Ce + '-cd{h{z)\z\')\ , 

where c is a real number. We immediately obtain 

F,=F, + icdd{h{z)\z\'^) . 

and consequently F^ = F^ on B"(i?) \ M"{^R). Finally, F^ is strictly positive on 
B"(ii?) and, by choosing the positive real number c small enough, we get that F^ 
is also strictly positive on B"(ii?) \ B"(ii?). 

Therefore, F^ is a real, (strictly) positive, 9i9-closed, (1, l)-form on B"(i?) and thus 
it gives rise to a strong KT metric we were looking for. D 

Proof of Theorem \4.S\ Let ^ be a disc around p G M. Then by Proposition 14. 4[ 
there exist a smaller disc U CV and a positive, 9i9-closed (1, l)-form F on y such 
that F = F on V \U. Therefore, the (1, l)-form defined by 

r Fg if qeM\U, 
\ Fq if qeV 

is the fundamental 2-form of a strong KT metric on M. D 

Remark 4.6. If n = 1, then any Hermitian metric is Kahler and, consequently, 
for n = 1, the proof of Theorem 14.31 follows at once. 

As an application of Theorem 14.31 we can prove the following 

Theorem 4.7. Let AI be a complex manifold of complex dimension n > 2 and M 
be the blow-up of M at a point p E M . Then M has a strong KT metric if and 
only if M admits a strong KT metric. 

Proof. Assume that Af has a strong KT metric. Let E = Tr^^{p). Then 

IT : M \ E ^ M \ {p} is a biholomorphism. Therefore M \ {p} has a strong KT 

metric. By Theorem 14.31 M has a strong KT metric. 

The other implication is given by Proposition EIH □ 
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5. Strong KT orbifolds and resolutions 

Orbifolds are a special class of singular manifolds and they have been used by 
Joyce in |26| to construct compact manifolds with special holonomy and in [13 to 
obtain non- formal symplcctic compact manifolds. 
We start by recalling the following (see e.g. [26 J 

Definition 5.1. A complex orbifold is a singular complex manifold M of dimension 
n such that each singularity p is locally isomorphic to U /G, where U is an open set 
of C", G is a finite subgroup of GL(7i, C) acting linearly on U with the only one 
fixed point p. Moreover, the set S of singular points of M of the orbifold M has 
real codimension at least two. 

A very easy method to construct complex orbifolds is to consider a holomorphic 
action of a finite group G on a manifold M, with non-identity fixed point sets of 
real codimension at least two. The quotient M/G is thus by definition a complex 
orbifold. 

Since orbifolds have a mild form of singularities, many good properties for man- 
ifolds also hold for the orbifolds. For instance, the notions of smooth r-forms and 
(p, q)-ioTms make sense on complex orbifolds. The De Rham and Dolbeault coho- 
mologies are well-defined for orbifolds and they have many of the usual properties 
that they have in the case of complex manifolds. 

More precisely, an r- orbifold differential form on a complex orbifold (Af , J) is 
an r-differential form on M that is G-invariant in any chart U/G of A'l and a 
differential operator d : AJJ^j(Af) -^ A^J^j^{M) is defined on the complex AortiM) 
of orbifold differential forms on M. For the complex space AJJj,j(M) C we have 

p+q=r 

The elements of A^j,'^(M) are called {p,q)-forms, and, according to the above 
decomposition, the differential d splits as d — d + d, as usual. 

There is a natural notion of Hcrmitian metric on complex orbifolds. A Hermitian 
metric g on a, complex orbifold (Af , J) is a J-Hermitian metric in the usual sense 
on the non-singular part of (Af, J) and G-invariant in any chart U/G. In such a 
case, for any chart U/G, we have G C U{n). 

Definition 5.2. A Hermitian metric g on a complex orbifold (Af, J) is said to be 
strong KT if the fundamental 2-form F of g satisfies 

ddF = 0. 

We recall that in general a resolution (A/, tt) of a singular complex variety M 
is a normal, nonsingular complex variety M with a proper surjective birational 
morphism tt : A^T — > M. We are interested in particular to resolve singularities of 
a complex orbifold endowed with a strong KT metric in order to obtain a smooth 
complex manifold admitting a strong KT metric. 

Definition 5.3. Let {M,J,g) be a complex orbifold endowed with a strong KT 
metric g. A strong KT resolution of {M,J,g) is the datum of a smooth complex 
manifold (Af , J) endowed with a J-Hermitian strong KT metric g and of a map 
TT : M ~> M , such that 
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i) t: : M \ E —I- M \ S is a biholomorphism, where S is the singular set of M 
and E = ■n^^{S) is the exceptional set; 

ii) g = TT* g on the complement of a neighborhood of E. 

In view of the Hironaka Resolution of Singularities Theorem |23j , the singularities 
of any complex variety can be resolved by a finite number of blow-ups. Indeed, 
if M is a complex algebraic variety, then there exists a resolution tt : M ^ M, 
which is the result of a finite sequence of blow-ups of M. This means that there 
are varietes M = Mq, Mi, . . . , Mk = M, such that Mj is a blow-up of -Mj_i along 
some subvariety with projection ttj : Mj — > A/j_i and the map n : M ^ M is given 
by the composition tt = tti o . . . o tt^. 

Therefore applying Hironaka's theorem and the results about blow-ups obtained 
in Section [3] we can prove the following 

Theorem 5.4. Let (M, J) he a complex orhifold of complex dimension n endowed 
with a J-Hermitian strong KT metric g. Then there exists a strong KT resolution. 

Proof. Let p e 5* be a singular point of M. Take a chart Up — M"-{r)/Gp, where 
B"(r) C C" is the ball of radius r in C". Then X — C"" /Gp is an affine algebraic 
variety which has the origin as the only singular point. By Hironaka (see [23] ). 
there exists a resolution ttx : X ^ X which is a quasi-projective variety and it 
is obtained by a finite sequence of blow-ups. The set E = 7r3^^(0) is a complex 
submanifold of X. Set U = irJ^iJJp). By identifying tl \E with Up \ {p}, define 

M = (M \ {p}) U U . 

Now, we define a strong KT metric on M that coincides with TT*g on the complement 
of a neighborhood of the exceptional set E. 

Let p : C" — > M be the function defined by p{z) — X^iLi ^f^j^ ^o = idd p he the 
standard Kahler form in C" and t : B"(r) ^^ C". Let h he a. non-negative real 
valued C°°-function such that 

h = l onB"(irj/Gp 

h = on (M"{r) \ B" (^r)] /Gp . 



3 



Let e e M and 



F ^ii*xF + eidd{hL*p). 

Then, i^ is a (l,l)-form on Af, it is positive if e is small enough and satisfies 
ddF — 0. It is clear that F = t^x-^ on the complement of a neighborhood of E. 
The theorem is thus proved. D 

We will obtain some applications of Theorem 15.41 in the next sections. We will 
show that if even we start with a nilmanifold with a big first Betti number we can 
get a new strong KT manifold with a considerably smaller first Betti number. 

6. A SIMPLY-CONNECTED EXAMPLE 

We are going to construct a simply-connected strong KT resolution for the quo- 
tient of the torus T^ by a suitable action of a finite group. 
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Let T^ = K^/Z^ be the standard torus and denote hy {xi, . . . ,xe) global coordinates 
on RS. Define 

{(p^ = dxi + i {f{x)dx3 + dxi) 
ip^ — dx2 + i dx5 
ip^ ~ dx^ + i dxQ , 
where / : R^ ^ M is a C°°-function. By the above expression, we easily get 

r V = ^dfAi^^+^^), 

(5) < 

\ d^i = 0, J = 2,3. 

Taking in particular / = f{x3,xe) we have 

Therefore, if / = f{x3,xe) is Z^-periodic, then ^ defines a complex structure J 

on the torus T" = R^/Z^. 

Let cr : T^ ^ T® be the involution induced by 

{xi,...,xe) ^ {-xi,...,-X6). 

By choosing / = /(xa, xg) Z^-periodic and even, it follows that a is J-holomorphic. 
The set of singular points for the action of a on T^ is given by 

S=lx + Z^ I xe iz^ 

and consequently {M ~ T^/{a),J) is a complex orbifold. Note that 5 is a set of 
64 points. 
We have 

Denote by 



a*{p,^) = -^, J = 1,2,3. 

5 = - ^ ((/?^ <X) 'p' + ip' ® ip^) 
i=i 
the natural cr-invariant Hermitian metric on T^ and by 

. 3 

the corresponding fundamental 2-form. 

Proposition 6.1. (T^/((t), J, F) is a strong (non-Kdhler) KT orbifold. 

Proof. We need only to check that dd F = 0. By a direct computation, taking into 
account ([5]), we get 

ddF = L d ( -^p' A^' A^'] 
4 \dx6 ) 

d'f .d'f\ 3 



dxsdxQ Oxq 



Apr' ATf' Ap^ 



= 0. 

D 
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According to Theorem 15.41 now we may resolve the singularities of T^/(cr) in 
order to obtain a simply-connected strong KT manifold M . More precisely, for any 
singular point p G S, we take the blow-up at p. 

Applying the same argument used by Joyce as in [26| Lemma 12.1.1 and 12.1.2], 
we get that the orbifold fundamental group vri (T^/((t}) is abelian. Hence, since 

&i(T®/((t}) = dimR {a e A^(T^) | a is harmonic and a-invariant} = , 

we deduce that the strong KT resolution M of the orbifold T^/{a) is simply- 
connected. Moreover, in a similar way we have 



62,+i(TV(a)) 

for any j = 0,1,2. 

Remark 6.2. The same construction can be generalized to the 2n-dimensional 
orbifold T^"/(ct}, where the involution a : T^" -^ T^" is defined by 

ct((xi,. ..,X2„)) = (-xi,.. 

and the complex structure on T^"/(cr) is given by 
ip^ = dxi + i {f(x)dxn - 

^^ — dx2 + i dXr, 



(6) 



where / 

[Xji , X2n) • 



and &2,+2(TV(^)) = 62j+2(T«), 



, -a;2n) 
dXn+l) , 



V 



''n+2 , 



p2n 



ip"- = dXn + i dX2n , 

is an even, Z^"-periodic C°°-function of the two variables 



7. 



-DIMENSIONAL EXAMPLES 



We are going to construct two new 8-dimensional compact examples with first 
Betti number equal to one starting from the Kodaira-Thurston surface [27] , which 
is the only nilmanifold of real dimension 4 admitting a strong KT structure besides 
the 4-dimensional torus T''. We will consider an action of a finite group on the 
product of two Kodaira-Thurston surfaces or on a product of a Kodaira-Thurston 
surface for T'* preserving the standard strong KT structures on the products. One 
of the two previous actions is similar to the one considered in [13j in the context of 
symplectic geometry. 

7.1. Product of a Kodaira-Thurston surfaces and a torus. Consider on C^ 
the following product 

{zi,Z2,Z3,Z4)'k{wi,W2,W3,W4:) == {zi + Wi, Z2 + W2 + -i{ziWi - JiWi) , 

Z3 +W3,Z4 +W4), 

for any Zj^Wj G C, j = 1, 2, 3, 4. 

The corresponding real nilpotent Lie group N is the product H^xR^, where H3 
is the real 3-dimensional Heinsenberg group and it has a left-invariant complex J 
defined by the (1, 0)-forms 

ip^ = dzi, p? — dz2 — —i{zidzi — zidzi), ip'^ — dz^^ (p ~ dz^ . 
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Let A be the lattice generated by 1 and £, — e^ and consider the discrete 
subgroup r C A^ formed by the elements (zi, Z2, Z3, Z4) such that zi, Z2, Z3, Z4 e A. 
The compact quotient (M = r\A^, J) is a complex nilmanifold and it can be viewed 
as a principal torus bundle 

T^ = C/A -^ M ^ T^ = (C/A)^ . 

M has a natural strong KT metric compatible with J defined by the (1, l)-form 

. 4 

since 

d(^^=0,j = 1,3,4, 

Consider the following action of the finite group Z3 

A : A^ ^ A^, 
(zi,Z2,Z3,Z4) h-> (^21,22,^^3,^24) . 

One has that X{a * b) = X{a) * A(6), for any a,b G N. Moreover, A(r) — T and 
therefore there is an induced action A on the quotient Af . Since the action on the 
(1, 0)-forms is given by 

(7) AV'=C¥'\ A>2^^^ X*V^'^^^\ \*v' = ^v\ 

the (1, l)-forin F is Za-invariant and therefore it induces a strong KT metric on 
the complex orbifold M = Af/Za. 

By Theorem 15.41 there exists a smooth compact strong KT manifold (Af , F) 
which is biholomorphic to (Af , F) outside the singular points. 

For any singular point p S Af , that we can consider as (0, 0, 0, 0) in our coordi- 
nates by translating by an element of the group A'^, we resolve the singularity of 
B*(r)/Z3 with a non-singular Kahler model, blowing up B^(r) to get B. In this 
way we replace the point with a complex projective space CP in which Z3 acts as 

[21,22,^3,24] -^ [^21,22,^23,^23] = [21,^^22,23,24]. 

then there are two components of the fix-point locus of the Z3-action on B: the 
point q = [0, 1, 0, 0] and the complex projective plane 

P{[21,0,23,24]}CCP^ 

The resolution of B'*(r)/Z3 is then obtained blowing-up B &i q and P {[21, 0, 23, 24]} 

and doing the quotient by the action of Z3 . 

Consider the Zs-invariant Hermitian metric on Af defined by 

g — - ^ {^ f^ + (p-' (^■') . 

By ([7]) we easily obtain that the only harmonic Z3 -invariant 1-form on Af is dy2, 
where we denote Z2 = X2 + iy2- Since Af = r\A'^ is a compact nilmanifold, we have 
that the De Rham cohomology is just given by harmonic left-invariant forms and 

6fc(Af/Z3) = dimR {a G A (Af) | a is harmonic and Zs-invariant} . 
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Therefore, we conclude that 

&i(Af/Z3) = 1. 
As in [T? then one has that 

(8) H'{M) = H\M/Z,) © (^H\eM 

where Ei is the exceptional divisor corresponding to each fixed point pi and therefore 
bi{M) = 6i(M/Z3) = 1. Therefore the topology of the new strong KT manifold is 
simpler with respect to the one of M since by using Nomizu's Theorem [3 3) we had 
bi{M) = 7 for the nilmanifold M. 

7.2. Product of two Kodaira-Thurston surfaces. Consider on C*^ the following 
product 

{zi,Z2,Z3,Zi)*{wi,W2,W3,W4:) = {zi + Wi, Z2 + W2 + jliziWl - ^iWl) , 

Z3 + W3, Z4:+W4 + li{z3W3 - Z3W3)) , 

for any Zj ,Wj £ C, j = I, 2, 3, 4. 

The corresponding real nilpotent Lie group N is the product H3 x H3 x R^ and 
it has a left-invariant complex J defined by the (l,0)-forms 

ip^ — dzi, Lp^ — dz2 — \i(z\dz\ — zidzi), 
p^ = dz3, (fi^ = dz4 - ii(z3cfz3 - 'Z3dz3) . 

Let A be the lattice generated by 1 and ^ = e~3~ and consider the discrete 
subgroup F C A^ formed by the elements (zi, Z2, Z3, Z4) such that zi, Z2, Z3, Z4 € A. 
The compact quotient {M = T\N, J) is a complex nilmanifold and it can be viewed 
as a principal torus bundle 

T^ = C/A ^ Af ^ T^ = (C/A)^ . 

M has a natural strong KT metric compatible with J defined by the (1, l)-form 

. 4 

since 

dip^ ^0, j = 1, 3 , 

dip'^ = -ii(/7^ A (^\ 

dip'^ — ~^i(p^ Alp^. 

Consider the following action of a finite group G 

\: N -^ N, 

{ZI,Z2,Z3,Z4) 1-^ (^Z3,Z4,^Zl,Z2). 

One has that A(a • 6) = A(a) *A(6), for any a,b £ N. Moreover, A(r) = F and 
therefore there is an induced action A on the quotient M. Since the action on the 
(1, 0) -forms is given by 

(9) X*^'=^P^ X*^^ = ^\ X*^'=^^\ AV4^(p2, 

the (1, l)-form F is G-invariant under the previous action and therefore it induces 
a strong KT metric on the complex orbifold M = M/G. 
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By Theorem 15.41 there exists a compact strong KT resolution {M,F) which is 
biholomorphic to (M, F) outside the singular set. 

By using ([5]) and the same argument as for the previous example we get 

bi{M/G) = 1 = bi{M) 

while for the manifold M we had bi{M) = 6 by [55] . 
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